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Earthquake surveys have demonstrated that the lack of out-of-plane strength is a primary cause of failure in many tra-
ditional forms of masonry. Moreover, bearing walls are relatively thick and, as a matter of fact, many codes of practice
impose a minimal slenderness for them, as for instance the recent Italian O.P.C.M. 3431 [2005. Ulteriori modiﬁche ed
integrazioni all’OPCM 3274/03 (in Italian) and O.P.C.M. 3274, 20/03/2003, Primi elementi in materia di criteri generali
per la classiﬁcazione sismica del territorio nazionale e di normative tecniche per le costruzioni in zona sismica (in Italian)],
in which the upper bound slenderness is ﬁxed respectively equal to 12 for artiﬁcial bricks and 10 for natural blocks
masonry. In this context, a formulation at failure for regular assemblages of bricks based both on homogenization and
Reissner–Mindlin theory seems particularly attractive. In this paper a kinematic limit analysis approach under the hypoth-
eses of the thick plate theory is developed for the derivation of the macroscopic failure surfaces of masonry out-of-plane
loaded. The behavior of a 3D system of blocks connected by interfaces is identiﬁed with a 2D Reissner–Mindlin plate.
Inﬁnitely resistant blocks connected by interfaces (joints) with a Mohr–Coulomb failure criterion with tension cut-oﬀ
and compressive cap are considered. Finally, an associated ﬂow rule for joints is adopted. In this way, the macroscopic
masonry failure surface is obtained as a function of the macroscopic bending moments, torsional moments and shear
forces by means of a linear programming problem in which the internal power dissipated is minimized, once that a subclass
of possible deformation modes is a priori chosen. Several examples of technical relevance are presented and comparisons
with previously developed Kirchhoﬀ–Love static [Milani, G., Lourenc¸o, P.B., Tralli, A., 2006b. A homogenization
approach for the limit analysis of out-of-plane loaded masonry walls. J. Struct. Eng. ASCE (in press)] and kinematic
[Sab, K., 2003.Yield design of thin periodic plates by a homogenisation technique and an application to masonry walls.
C.R. Mech. 331, 641–646] failure surfaces are provided. Finally, two meaningful structural examples are reported, the ﬁrst
concerning a masonry wall under cylindrical ﬂexion, the second consisting of a rectangular plate with a central opening
out-of-plane loaded. For both cases, the inﬂuence of the shear strength on the collapse load is estimated.
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The prediction of the ultimate load bearing capacity of masonry walls out-of-plane loaded is of great rel-
evance for the design of masonry structures. Out-of-plane failures are mostly related to seismic and wind loads
and the lack of out-of-plane strength is a primary cause of failure in diﬀerent forms of masonry, particularly in
the case of historical buildings (see for instance Spence and Coburn, 1992). Furthermore, masonry structures
are often subjected simultaneously to in-plane compressive vertical loads (either self weight and permanent
loads) and out-of-plane actions. Vertical loads increase both the ultimate out-of-plane strength and the duc-
tility of masonry, and bring additional complexity to the structural analysis.
Laboratory tests conducted by Gazzola et al. (1985) and Southcombe et al. (1995) on brick masonry walls
subjected to lateral loads have shown both that failure takes place along a well-deﬁned pattern of lines and
that, in many cases, fractures take place at the interface between bricks and mortar.
On the other hand, limit analysis approaches have been widely used for the analysis at failure of masonry
structures, because they require only a reduced number of material parameters and provide limit multipliers of
loads, failure mechanisms and, at least on critical sections, the stress distribution at collapse (see Sutcliﬀe et al.,
2001). Furthermore, masonry presents a very limited tensile strength and, as a ﬁrst attempt, this suggested the
extension of limit analysis theorems to no-tension materials (see Del Piero, 1998).
Moreover, other distinctive aspects of masonry at failure should be considered, such as its anisotropy (Milani
et al., 2006a), closely related to the constituent materials (mortar and units) and to the bond pattern, and its lim-
ited compressive strength, as demonstrated experimentally by Page (1981) for in-plane biaxial compression tests.
Furthermore, an adding important phenomenological aspect that should be considered is that bearing walls
are relatively thick. Many codes of practice require for them a minimal slenderness ratio k, as for instance the
recent Italian code O.P.C.M. 3431 (2005), in which an upper bound equal to 12 for artiﬁcial bricks and 10 for
natural blocks masonry is imposed for k.
In this framework, a kinematic limit analysis approach in which (a) bricks are supposed inﬁnitely resistant
and (b) joints are reduced to interfaces may be used in order to have a realistic prediction of the actual
behavior at failure of panels out-of-plane loaded.
Approaches based on the classic homogenization theory have been presented under these hypotheses by de
Buhan and de Felice (1997) for in-plane loaded walls and by Sab (2003) for out-of-plane loaded thin plates. In
both cases, a classic Mohr–Coulomb failure criterion obeying an associated ﬂow rule for joints was adopted.
It is worth mentioning that frictional phenomena may require the adoption of non-associated ﬂow rules for
the constituent materials (see for instance Ferris and Tin-Loi, 2001; Ordun˜a and Lourenc¸o, 2005). Such non-
standard materials were studied since the early limit analysis development stages (Palmer, 1966). More recent
investigations can be found in Corigliano and Maier (1995) and De Saxce´ and Bousshine (1998). As a matter
of fact, this hypothesis implies the lack of the uniqueness of the solution, i.e. that a multiplicity of solutions
can exist for these limit analysis problems (see Begg and Fishwick, 1995, where a formulation for non-asso-
ciated limit analysis of two-dimensional voussoir arches is presented).
For this reason, in the framework of classic limit analysis theorems, here an associated ﬂow rule is adopted
for joints. This leads to treat simple linear programming problems, which can be solved easily by means of
standard packages.
In this paper, a simpliﬁed micro-mechanical model is developed for the kinematic limit analysis of masonry
walls under Reissner–Mindlin plate hypotheses.
Masonry skeleton is represented by a 3D discrete system of blocks interacting through interfaces (the mor-
tar joints). Blocks are supposed inﬁnitely resistant, whereas for joints a Mohr–Coulomb failure criterion for
representing frictional phenomena with tension cut-oﬀ and compressive limited strength is adopted. In this
way, a full description of the model can be given considering a representative volume constituted by a generic
brick with its 6 neighbors. In order to obtain a Reissner–Mindlin equivalent plate, a sub-class of motions for
the representative volume is a priori assumed, so that horizontal and vertical ﬂexion and torsion are repro-
duced, as well as out-of-plane sliding, as a consequence of the Reissner–Mindlin model assumed.
Then, a numerical procedure of identiﬁcation between the 3D discrete Lagrangian system and a continuum
equivalent model is implemented. Such identiﬁcation is based on a simple correspondence between motions in
the 3D discrete model and the continuum.
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ments ﬁeld in the elastic range, discontinuous velocity ﬁelds can be assumed at the interfaces between adjacent
blocks, so allowing an accurate description of the actual out-of-plane failure mechanisms, mainly concentrated
at the bond between mortar and bricks.
Since internal dissipation can take place only at the interface between bricks, a simple constrained minimi-
zation problem in few variables is obtained. Macroscopic masonry failure surfaces are numerically evaluated
as a function of the macroscopic bending and torsional moments and out-of-plane shear forces.
In Section 2, the basic assumptions adopted for the identiﬁcation model are presented, whereas in Section 3
the constrained minimization problem for obtaining macroscopic failure surfaces for masonry is reported.
In Section 4, the micro-mechanical model is applied for some cases of technical interest for the evaluation
of the out-of-plane macroscopic failure surfaces of masonry. Several cases are reported and validated, where
possible, against closed-form solutions recently presented. Finally, in Section 5 two structural examples are
discussed, the ﬁrst concerning a masonry wall under cylindrical ﬂexion, the second consisting of a rectangular
plate with a central opening out-of-plane loaded. For both cases, the inﬂuence of the shear strength on the
collapse load is estimated.
2. Basic assumptions
In this section, a procedure to build a Reissner–Mindlin plate model based on a correspondence between
equivalent class of motions in a 3D discrete blocks system and a plate continuous model is presented.
The two models are described separately and then an equivalence procedure between the kinematic descrip-
tors in the two systems is performed, in order to study masonry as a 2D thick plate. It worth mentioning that
the basic idea of this approach may be found in a classical Hill’s paper (Hill, 1965). It is worth noting that the
formulation of the model does not impose a ﬁeld local solution as, for instance, occurs using standard homog-
enization procedures, but imposes only a kinematic correspondence between motions. This assumption implies
that the obtained solution is kinematically admissible.
2.1. Kinematics
Masonry is represented by inﬁnitely resistant blocks connected by mortar joints reduced to interfaces with
rigid-plastic behavior (Fig. 1). The motion of a generic block A may be described as a function of its center
velocity wa and its angular velocity Xa. Starting from this assumption, the motions of all the blocks in contact
to block A may be described. Hence, to describe the kinematic model at hand is suﬃcient to take into con-
sideration the interaction of a generic couple of blocks, (A;B).
Let p be the center of the I interface betweenA and B. The velocity of the material points x ofA and B in
contact in a position n 2 I may be written as:Fig. 1. Geometrical description of the model; two adjacent bricks (ga and gb) connected with a mortar interface I where plastic dissipation
occurs.
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wbðxÞ ¼ wbðpÞ þXbðn pÞ: ð1ÞThe jump of the velocity ﬁeld w(n) between A and B in a point n 2 I can be written as:
bwðnÞc ¼ wbðnÞ  waðnÞ ¼ wbðpÞ  waðpÞ þXbðn pÞ Xaðn pÞ ¼ wp þXpðn pÞ ð2Þwhere wp = w
b(p)  wa(p) and Xp = Xb  Xa.
On the other hand, ﬁelds ta(n) and tb(n) for n 2 I can be introduced, representing the contact forces between
blocksA and B. Equilibrium conditions require that ta(n) = tb(n). Hence, it is possible to deﬁne the power-
set tb(n) = t(n)-dissipated at the interface as follows:p ¼
Z
I
taðnÞ  waðnÞ þ tbðnÞ  wbðnÞ ¼
Z
I
tðnÞ  ½wbðnÞ  waðnÞ ¼ tp  wp þXp 
Z
I
skw t ðn pÞ: ð3ÞDenoting with tp ¼
R
I tðnÞ and with Mp ¼ 2
R
I skw t ðn pÞ, the power dissipated reported in Eq. (3) can be
written as follows:pp ¼ tp  wp þ 1
2
Mp Xp: ð4Þ2.2. Reissner–Mindlin continuous plate model
In this section, a 2D plate model is introduced independently from the discrete 3D model previously dis-
cussed. Here, the term plate is used to describe a bi-dimensional continuum, identiﬁed by its middle plane
S of normal e3 (Fig. 2).
A generic motion in a plate continuum model is described by the following ﬁelds:wðxÞ
XðxÞ ð5Þwhere w(x) and X(x) are the velocity vector and angular velocity tensor of the material point x, respectively.
As well known, in the case of both in- and out-of-plane loads, internal forces tensor N (membrane and
shear) and bending and torsion moments tensor M are introduced.
Consequently, the mechanical power evaluated on S may be written as:p ¼ N  symðgradwÞ þ ðNe3  e3Þ XþM  symðgradXe3Þ ð6ÞS: Masonry middle plane
3y y1
3
e
s/2
s/2
y2
e1
2e
Fig. 2. Reference surface chosen for masonry.
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of power dissipated by membrane actions, plate shear actions, bending and torsional moments. In particular,
by indicating with an upper line the projection on S, the previous equation becomes:p ¼ N  symðgrad wÞ þ T  ðgradw3 þXe3Þ þM  symðgradXe3Þ: ð7Þ
In what follows we assume:
– symðgrad wÞ ¼ _E, where _E is the in-plane membrane strain rate tensor;
– symðgradXe3Þ ¼ _v, where _v is the curvature rate tensor ( _vab ¼ 1=2ðxa;b þ xb;aÞ with a,b = 1,2);
– gradw3 þXe3 ¼ _c ¼ ½ _c13 _c23T, where _c is the shear strain rate vector.
Furthermore, N represents the membrane actions tensor, Ne3 = T represents the shear actions vector and
M represents the bending moments and torsion tensor. It must be noted that the angular velocity tensor X(x)
in the case of a plate model is:X ¼
0 0 x2
0 0 x1
x2 x1 0
0
B@
1
CA ð8Þwith x3 component equal to zero.
2.3. Compatible equivalent model
A portion of aP masonry panel with the same dimensions of the REV is considered. This portion is chosen
so that its center ga coincides with the center of block A. A portion of plate H, with the same edge is con-
sidered, so that the x point of H coincides with ga (Fig. 3).
Afterwards, a correspondence between a class of regular motions in P and H is assigned:wa ¼ wðxÞ
Xa ¼ XðxÞ ð9ÞandwbðxÞ ¼ wðxÞ þ gradwðxÞðgb  xÞ
XbðxÞ ¼ XðxÞ þ gradXðxÞðgb  xÞ ð10Þwhere gb is the center of a B 2 P generic brick. Eq. (9) imposes that velocity and angular velocity of the center
of the brick A in the discrete system and velocity and angular velocity of the center of the REV in theFig. 3. Representative volume element and identiﬁcation between discrete model and continuous model.
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the discrete system correspond to a ﬁrst order Taylor approximation (ﬁrst order identiﬁcation) in the velocity
and angular velocity in the continuum model, respectively.
Let us deﬁne the vector tp as tp ¼ tp þ t3p ¼ ½t1p t2p 0T þ ½0 0 t3pT where tp denotes the projection on S of
tp and t3p is the component orthogonal to S of tp. Taking into consideration correspondent motion tests, from
Eqs. (9) and (10), (4) may be written as:tp  wp ¼ tp  ðgb  gaÞ  ðgrad wÞ þ t3pðgb  gaÞ  ðgradw3 þXe3Þ þ t3p½ðp gaÞ  ðga  xÞ
 ðp gbÞ  ðgb  xÞ  ðgradXe3Þ ð11Þ
1
2
Mp Xp ¼
Z
I
ðtðnÞ  dp  dp  tðnÞÞ  ðgradXÞðgb  gaÞ
¼ 1
2
Z
I
ðd3ptðnÞ  t3ðnÞdpÞ  ðgb  gaÞðgradXe3Þ ð12Þwhere the distance vector dp can be written as dp = n  p. According to the previous notation dp may be
decomposed as dp ¼ dp  d3p.
For a chosen REV and a given class of regular motions, we impose that the mechanical power dissipated by
the contact actions on P andH coincides. Under these assumptions, the membrane and moment tensors N
and M, as well as plate shear vector T (T = Ne3), may be expressed as a function of the vector tp, i.e. of the
measure of the stress in the micro-mechanical modelN ¼ 1
2A
X
n
symtp  ðgb  gaÞ
T ¼ 1
2A
X
n
t3pðgb  gaÞ
M ¼ 1
2A
X
n
t3psym½ðp gaÞ  ðga  xÞ  ðp gbÞ  ðgb  xÞ þ
X
n
Z
I
sym½d3ptðnÞ  t3ðnÞdp  ðgb  gaÞ
" #
ð13Þ
where A, Fig. 1, is the area of the chosen REV and the symbol
P
indicates a summation extended to all the
interfaces to which the chosen REV is in contact. It must be noted that the part of p associated to
skw{gradW} and to skw{gradWe3} is not taken into account. In fact, in the adopted plate model these kine-
matic ﬁelds characterize neutral (rigid) motions.
The 1/2 coeﬃcient which appears in the above expressions for N, T, and M depends on the fact that the
power dissipated at the interface between a generic couple of blocks (A;B) involves both blocks.
2.4. The running bond case
In this section, the derivation of a plate model for running bond masonry is presented as a simple applica-
tion of the proposed theory. The chosen REV is constituted by a single block. This means that (see Fig. 4), in
order to evaluate expressions (13) four horizontal interfaces, I1,1, I+1,1, I+1,+1, I1,+1, and two vertical
interfaces, I2,0, I2,0, must be taken into account for the evaluation of the total internal power dissipated.
Let gi,j be the position of the center of the generic brick in the 3D Euclidean space:gi;j ¼ i
b
2
e1 þ jae2 ð14Þwhere b and a are brick length and brick height, respectively.
Due to the regularity of masonry under consideration, a Bi,j block interacts with a Biþk1;jþk2 block by means
of Ik1;k2 joint. In particular, it is worth noting that:
– if k1,k2 = ±1, then Ik1;k2 represents a horizontal interface;
– if k1 = ±2 and k2 = 0, then Ik1;k2 is a vertical interface.
ba
s
I
-1,+1 I+1,+1
I
-1,-1
I
-2,0
I2,0
gi-1,j-1 gi+1,j-1
gi+2,jgi,jgi-2,j
gi-1,j+1 gi+1,j+1
I+1,-1
Fig. 4. Central brick inﬁnitely resistant and mortar interfaces.
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whereDwk1;k21 ¼ wiþk1;jþk21  wk1;k21 þ k2a
Xiþk1;jþk221 þ Xk1;k221
2
Dwk1;k22 ¼ wiþk1;jþk22  wk1;k22  k1
b
2
Xiþk1;jþk221 þ Xk1;k221
2
Dwk1;k23 ¼ wiþk1;jþk23  wk1;k23 þ k1
b
2
Xiþk1;jþk232 þ Xk1;k232
2
 k2aX
iþk1;jþk2
31 þ Xk1;k231
2
DXk1;k221 ¼ Xiþk1;jþk221  Xk1;k221
DXk1;k232 ¼ Xiþk1;jþk232  Xk1;k232
DXk1;k231 ¼ Xiþk1;jþk231  Xk1;k231
ð16ÞEq. (16) provides the jumps of velocities on each interface, once constants k1 and k2 are suitably ﬁxed.
According to Cecchi and Sab (2004) and Cecchi and Rizzi (2003) and starting from Eqs. (9) and (10), the
identiﬁcation between 3D discrete model and 2D continuum model has been obtained assuming:wi;j ¼ wðgi;jÞ
Xi;j32 ¼ x1ðgi;jÞ
Xi;j31 ¼ x2ðgi;jÞ
Xi;j12 ¼ 0:
ð17ÞIt is worth noting that in the Reissner–Mindlin model proposed Xi;j12 ¼ 0, as shown in Eq. (17).
Fig. 5a shows the eﬀect on the brickwork of a homogeneous deformation x1,15 0 with all the other strain
measures set to zero. It must be noted that both head and bed joints are involved in the dissipation induced by
this deformation. Fig. 5b shows the eﬀect on the brickwork of a homogeneous deformation in which x2,25 0
and all the other strain measures are set to zero. In this case, it is interesting to note that only the bed joints
present a relative jump of velocities between adjacent bricks.
Similarly, in Figs. 5c and d the cases x1,25 0 and x2,15 0 are examined. In the ﬁrst case, no bending
moment is present in the head joints, whereas there is torsion of the bed joints. On the contrary, in the second
case, torsion is present in the head joints and bending moment acts in the bed joints.
Fig. 5. Elementary homogeneous deformations applied to the representative volume element: (a) x1;1 ¼ _v11, (b) x2;2 ¼ _v22, (c) x2,1, (d)
x1,2.
Fig. 6. Shear deformation rates: (a) _c13, (b) _c23.
A. Cecchi et al. / International Journal of Solids and Structures 44 (2007) 1438–1460 1445
1446 A. Cecchi et al. / International Journal of Solids and Structures 44 (2007) 1438–1460Finally, Fig. 6 refers to the evaluation of the shear constants and shows shear deformation rates. In par-
ticular, Fig. 6a shows the _c13 component, while Fig. 6b the _c23 component.3. Failure surfaces for Reissner–Mindlin periodic plates
In this section, a numerical procedure for obtaining macroscopic in- and out-of-plane failure surfaces for
running bond masonry is presented. The procedure is developed under the hypotheses of Reissner–Mindlin
plate theory, inﬁnitely resistant bricks and joints both reduced to interfaces with a perfect plastic behavior
and obeying an associated ﬂow rule.
As it has been shown by Suquet (1983), macroscopic strength domains for periodic arrangements of heter-
ogeneous materials can be obtained, in the framework of homogenization under the assumption of rigid-plas-
tic behavior and associated ﬂow rule for the constituent materials, by means of both static and kinematic
theorems of limit analysis. Such approaches have been widely applied for the evaluation of both in-plane
(de Buhan and de Felice, 1997; Milani et al., 2006a) and out-of-plane failure surfaces of masonry (Milani
et al., 2006b; Sab, 2003), whereas, at present, there is a lack of literature, according to the authors’ knowledge,
concerning the derivation of the macroscopic failure surfaces for thick masonry panels.
On the other hand, experimental evidences show that sliding occurs in mortar joints with almost zero dilat-
ancy with typical non-associated ﬂow rule. This violates one of the hypotheses of classic limit analysis theory
(see for instance Ferris and Tin-Loi, 2001; Ordun˜a and Lourenc¸o, 2005). This implies that the uniqueness of
the ultimate load may be lost and a multiplicity of solutions can exist for limit analysis problems, as addressed
for instance in Begg and Fishwick (1995).
On the contrary, classical limit analysis theorems assure the uniqueness of the ultimate load factor and lead
to simple optimization problems. For the above reasons, in this section associated ﬂow rules are assumed for
the constituent materials.
In general, it is stressed that any non-linear failure criterion / = /(r) for joints can be assumed for the
model at hand. As experimental evidences show, basic failure modes for masonry walls with weak mortar
are a mixing of sliding along the joints (a), direct tensile splitting of the joints (b) and compressive crushing
at the interface between mortar and bricks (c). These modes can be gathered adopting a Mohr–Coulomb fail-
ure criterion combined with tension cut-oﬀ and cap in compression, see Fig. 7, as suggested by Lourenc¸o and
Rots (1997).
Aiming at treating the problem in the framework of linear programming, within each interface I of area AI,
a piecewise linear approximation of the failure surface / = /(r) is adopted, constituted by nlin planes of equa-
tion AI
T
i r ¼ cIi1 6 i 6 nlin, where r ¼ ½r33 r13 r23, r33 is the normal stress on the interface and r13 and r23 are
tangential stresses along two assigned perpendicular directions, see Fig. 7.
Since the jump of velocity on interfaces is assumed to vary linearly in the discrete model (see Eq. (2)), for
each interface 3 Æ nlin independent plastic multiplier rates are assumed as optimization variables.
In this way, for each interface I, the following equality constraints between plastic multiplier rates ﬁelds
_kIi ðn1; n2Þ and jump of velocity [w(n1,n2)] ﬁeld on the interface are imposed:½wðn1; n2Þ ¼
Xnlin
i¼1
_kIi ðn1; n2Þ
o/
or
ð18Þwhere n = (n1,n2) is a local frame of reference laying on the interface plane and with axis n3 orthogonal to the
interface plane, see Fig. 7; ½wðn1; n2Þ ¼ ½Dw33 Dw13 Dw23T is the jump of velocity ﬁeld (linear in (n1,n2)) on the
Ith interface and Dwij corresponds to the jump along the direction i; _kIi ðn1; n2Þ is the ith plastic multiplier rate
ﬁeld (linear in (n1,n2)) of the interface I, associated to the ith linearization plane of the failure surface.
It is worth noting that Eq. (18) is the specialization, for the interface I, of the well known normality rule
_eij ¼ _k o/orij, where _eij is the plastic strain rate, _k is the plastic multiplier and / is the failure surface, which coin-
cides with the plastic potential in the case of associated plasticity.
In order to satisfy Eq. (18) for each point of the interface I, nine equality constraints for each interface have
to be imposed, that corresponds to evaluate (18) in three diﬀerent positions Pk ¼ ðnPk1 ; nPk2 Þ on the interface I as
follows:
33
23
13
Horizontal Interface
1 axis
2 axis
3 axis
c
f t
f
2
: friction angle
: compression linearized cap2
c
f   : compression strength
f   : tensile strength
t
23
33
13
c
c  : cohesion
c
3 axis
2 axis
1 axis
Vertical Interfacea b
Fig. 7. Piecewise linear approximation of the failure criterion adopted for joints: (a) Mohr–Coulomb failure criterion with tension cut-oﬀ
and linearized compression cap, (b) classic Mohr–Coulomb failure criterion.
A. Cecchi et al. / International Journal of Solids and Structures 44 (2007) 1438–1460 1447½wðnPk1 ; nPk2 Þ ¼
Xnlin
i¼1
_kIi ðnPk1 ; nPk2 Þ
o/
or
k ¼ 1; 2; 3 ð19Þwhere _kIi ðnPk1 ; nPk2 Þ is the is ith plastic multiplier rate of the interface I correspondent to Pk ¼ ðnPk1 ; nPk2 Þ.
Internal power dissipated on the Ith interface, deﬁned as the product of the interface stress vector for the
jump of velocities, is evaluated by means of the following equation:pIint ¼
Z
AI
½wTr dAI ¼
Z
AI
Xnlin
i¼1
_kIi ðn1; n2Þ
o/
or
 T
r dAI ¼ 1
3
Xnlin
i¼1
cIi
X3
k¼1
_kIi ðnPk1 ; nPk2 ÞAI : ð20ÞExternal power dissipated can be written as pext ¼ ðRT0 þ kRT1 ÞD, where R0 is the vector of permanent loads, k
is the load multiplier, RT1 is the vector of loads dependent on the load multiplier (i.e. the optimization direction
in the space of macroscopic stresses) and D is the vector of macroscopic kinematic descriptors. D collects in-
plane deformation rates ð _E11 _E12 _E22Þ, out-of-plane deformation rates ð _v11 _v12 _v22Þ and shear deformation rates
ð _c13 _c23Þ, see Fig. 6. As the amplitude of the failure mechanism is arbitrary, a further normalization condition
RT1D ¼ 1 is usually introduced. Hence, the external power becomes linear in D and k and can be written as
follows pext ¼ RT0Dþ k.
Finally, from Eqs. (15) and (17), a linear relation between D and [w(n1,n2)] may be written for each interface
I as follows:½wðn1; n2Þ ¼ GIðn1; n2ÞD ð21Þ
where GI(n1,n2) is a 3 · 10 matrix which depends only on the geometry of the interface under consideration
(see Fig. 7).
Making use of both of Eqs. (18)–(21) and of the kinematic formulation of limit analysis, the following con-
strained minimization problem is ﬁnally obtained:k ¼ min
x^¼½D;kIi ðPkÞ
PnI
I¼1
pIint  RT0D
RT1D ¼ 1
GIðPkÞD ¼ ½wðPkÞ ¼
Pnlin
i¼1
_kIi ðnPk1 ; nPk2 Þ o/or Pk 2 I
8>>><
>>>:
ð22Þ
M22
M12
M11
n macroscopic strength domain
T  = T   = N   = N   = N  = 013 23 1211 22
Fig. 8. Meaning of nR in the special 3D case R = (M11,M12,M22).
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stressed that the optimization problem given by Eq. (22) has been already treated in detail by Suquet (1983) in
the general case and by some other authors in the past for obtaining in-plane homogenized failure surfaces for
composites materials (see e.g Carvelli et al., 2000). In general, problem (22) can be easily handled numerically
both by means of well know simplex and interior point methods, due to the very limited number of optimi-
zation unknowns involved. In fact, vector x^ of global unknowns collects only 3 Æ nlin Æ n
I plastic multiplier rates
and macroscopic kinematic variables D.
Problem (22) leads to reproduce the macroscopic combined in- and out-of-plane failure surfaces of
masonry through a kinematic approach.
Denoting with U^ ¼ U^ðN 11;N 12;N 22;M11;M12;M22; T 13; T 23Þ the macroscopic failure polytope for masonry
and with R = (N11,N12,N22,M11,M12,M22,T13,T23), a 2D representation of U^ with respect to variables Ri
and Rj can be obtained ﬁxing a direction versor nR such that [nR]
Tnk = 0 "k5 i,j, and solving the following
optimization problem:minfkg ¼PnI
I¼1
pIint  RT0D
nTRD ¼ 1 nTRnk ¼ 0 8k 6¼ i; j
GIðPkÞD ¼ ½wðPkÞ ¼
Pnlin
i¼1
_kIi ðnPk1 ; nPk2 Þ o/or
8>>><
>>>:
ð23Þwhere k represents the collapse load when a direction nR in the R space (see Fig. 8) is assigned; nk is a versor
such that Rk = Rnk; i and j represent the axes of projection of U^.
4. Failure surfaces
In this section, some cases of technical interest are discussed in detail, with the aim of testing both the reli-
ability of the model proposed with respect to homogenized thin plate models presented in the technical liter-
ature (Sab, 2003; Milani et al., 2006b) and the inﬂuence of shear T13–T23 macroscopic actions on the ultimate
moments.
In the ﬁrst example, Section 4.1, the inﬂuence of shear T13–T23 macroscopic actions on the ultimate
masonry horizontal bending, torsional and vertical bending moments (i.e. M11,M12 and M22) is addressed,
see Fig. 9.
Two constitutive models are presented, assuming for joints both a classic Mohr–Coulomb (Model A) and a
linearized Lourenc¸o and Rots (1997) failure criterion (Model B). When a classic Mohr–Coulomb failure cri-
terion is adopted, results obtained by Sab (2003) and Milani et al. (2006b) using a thin plate model are well
reproduced by imposing T13 = T23 = 0. Two diﬀerent vertical membrane loads N22 are applied and some sec-
tions M11–M22 and M11–M12 of the macroscopic failure polytope are reported varying T13 and T23.
In the second example, Section 4.2, masonry considered by Page (1978) for performing experimental tests
on a deep beam is considered. The relevant inﬂuence of vertical compressive membrane loads onM11,M12 and
M22 failure moments is addressed. As experimental evidences show, there is an optimal compressive load for
M : vertical bending22
11M : horizontal bending
M : torsional moment12
12M : torsional moment
Fig. 9. Representation of horizontal bending moment M11, vertical bending moment M22 and torsion M12.
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decrease until membrane compressive failure occurs. In particular, it is shown how a model with a classic
Mohr–Coulomb failure criterion is incapable to reproduce this important phenomenon, whereas a model with
limited compressive strength is able to better reproduce masonry behavior under combined in- and out-of-
plane actions.
4.1. M11–M12–M22 failure polytope sections for diﬀerent assigned T13–T23
In this section, standard Italian UNI bricks of dimensions 55 · 120 · 250 mm3 (height · thickness · length)
and mortar joints reduced to interfaces with both a classic Mohr–Coulomb failure criterion (Model A) and a
linearized Lourenc¸o–Rots failure criterion (Model B) are assumed. Mechanical characteristics adopted for
Model A and Model B are summarized in Table 1. It is worth noting that in Model B a very prominent shape
(U2 = 30) of the linearized compressive cap is assumed, Fig. 7. The goal of the comparison is to evaluate the
inﬂuence of T13–T23 on the macroscopic out-of-plane masonry failure surface in presence of diﬀerent mechan-
ical characteristics for mortar joints.
In Figs. 10 a and b, respectively, several sections M11–M22 and M11–M12 of the macroscopic failure poly-
tope U^ are reported for Model A varying T13 from zero to T 13 ¼ T f13, where T f13 represents masonry failure
when a pure T13 action is applied.
The same comparisons for Model A are illustrated in Figs. 11a and b varying T23 from zero to T 23 ¼ T f23.
As reported in Fig. 12a, the resultant failure surfaces correspond to that found by Sab (2003) and Milani
et al. (2006b) with respectively kinematic and static Kirchhoﬀ–Love models, assuming in the model proposed
T13 = T23 = 0. Furthermore, it is worth noting that, when mortar friction angle is kept equal to zero, the well
know square out-of-plane failure criterion proposed by Johansen for concrete slabs (1962) is reproduced,
Fig. 12b.
It is worth noting that authors experienced no technically meaningful diﬀerences between Model A and
Model B in absence of vertical membrane compressive load, as a consequence of the fact that out-of-plane fail-
ure is mostly related to tensile cracking. For this reason, here only Model A results are reported for N22 = 0.
On the contrary, signiﬁcant diﬀerences occur between the models when a vertical membrane compressive
load is applied. In Figs. 13a and b sections M11–M22 and M11–M12 of the masonry failure polytope U^ are
reported for Model A varying T13 and assuming N22 = 30 daN/mm. Let us remark that load bearing masonryTable 1
Mechanical properties adopted for the numerical simulations (UNI bricks)
Model A – Mohr–Coulomb failure criterion Model B – Linearized Lourenc¸o and Rots (1997) failure criterion
c (ft = 1.7c) fc
U 27 0.132 (N/mm2) 3.5 (N/mm2)
U U2
c 0.132 (N/mm2) 27 30
Fig. 10. Model A failure surface sections for diﬀerent values of T13: (a) M11–M22 sections, (b) M11–M12 sections.
Fig. 11. Model A failure surface sections for diﬀerent values of T23: (a) M11–M22 sections, (b) M11–M12 sections.
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gravity loads of the ﬂoors.
In Figs. 13c and d the same results are reported adopting Model B. As can be noted by comparing the fail-
ure curves, technically meaningful diﬀerences occur between the models.
Finally, the results show that the macroscopic failure surface depends both on the geometrical and mechan-
ical characteristics assumed for the components and that the proposed model is able to reproduce in a very
simple manner the macroscopic strength domain whenever diﬀerent failure behaviors for the components
are taken into account.
4.2. Inﬂuence of the vertical compressive membrane load
The aim of this section is to show the inﬂuence of membrane compressive loads (kept constant) on the out-
of-plane masonry failure surface.
The brickwork considered by Page (1978) for performing experimental tests on a deep beam (see also Sutc-
liﬀe et al., 2001, and Milani et al., 2006a) is considered. The units dimensions are 122 · 37 · 54 mm3, whereas
the thickness of the mortar joints is 5 mm.
Fig. 12. (a) Comparison among the present model (T13 = T23 = 0), a Kirchhoﬀ–Love kinematic model (Sab, 2003) and a Kirchhoﬀ–Love
static approach (Milani et al., 2006b),M11–M22 failure surfaces. (b) Reproduction of Johansen model (1962) in case of friction angle equal
to zero, M11–M22 failure surfaces.
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tar both a classic Mohr–Coulomb failure surface (Model A) and a frictional-type failure surface with tensile
and compressive cut-oﬀ (Model B).
Mechanical characteristics adopted for both models are summarized in Table 2.
Fig. 13. (a) Model A,M11–M22 failure surfaces at diﬀerent values of T13. (b) Model A,M11–M12 failure surfaces at diﬀerent values of T13.
(c) Model B, M11–M22 failure surfaces at diﬀerent values of T13. (d) Model B, M11–M12 failure surfaces at diﬀerent values of T13.
Table 2
Mechanical properties adopted for the numerical simulations, Page (1978) brickwork
Model A – Mohr–Coulomb failure criterion Model B – Linearized Lourenc¸o and Rots (1997) failure criterion
ft (c = 1.4ft) fc
U 37 0.29 (N/mm2) 8.6 (N/mm2)
U U2
c 0.406 (N/mm2) 37 30
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for Model A and Model B respectively varying N22.
In a similar way, in Figs. 14c and d the same simulations are reported representing sections M11–M12.
As it is possible to note, for both models vertical membrane load inﬂuences not only the horizontal bending
moment but also the vertical one, as a consequence of the fact that also bed joints contribute to masonry ver-
tical ultimate moment.
Fig. 14. (a) Model A,M11–M22 failure surfaces at diﬀerent values of N22. (b) Model B,M11–M22 failure surfaces at diﬀerent values of N22.
(c) Model A, M11–M12 failure surfaces at diﬀerent values of N22. (d) Model B, M11–M12 failure surfaces at diﬀerent values of N22.
Fig. 15. Collapse mechanism for M11 failure bending moment in presence of a vertical compressive load and classic Mohr–Coulomb
failure criterion for joints.
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1454 A. Cecchi et al. / International Journal of Solids and Structures 44 (2007) 1438–1460Furthermore, the relevant inﬂuence of a vertical compressive membrane load on M11, M12 and M22 failure
moments is worth noting.
A comparison between Figs. 14a and b shows how a classic Mohr–Coulomb failure criterion is incapable to
reproduce the actual behavior of masonry under combined compressive membrane vertical loads and out-of-
plane actions, whereas the phenomenon is kept by model B, which assumes a limited compressive strength for
joints.
Obviously, this is due to the fact that a classic Mohr–Coulomb failure criterion does not provide compres-
sive failure, as shown in Fig. 15, where the collapse mechanism for M11 failure bending moment is shown in
presence of a vertical compressive load.
Finally, it is stressed that the choice of a failure criterion for joints with frictional behavior combined with a
limited compressive and tensile strength is suitable for providing technically meaningful results in agreement
with experimental evidences.
5. Structural examples
In this section, two structural examples of load bearing masonry walls out-of-plane loaded are
analyzed, with the aim of comparing failure mechanisms and limit loads provided by the Reissner–
Mindlin model at hand with the results obtained by means of a Kirchhoﬀ–Love homogenized limit analysis
approach.
5.1. Masonry wall subjected to cylindrical ﬂexion (1D model)
A masonry wall, subjected to a horizontal distributed load depending on the load multiplier k, Fig. 16, is
considered. The panel is supposed clamped at the base whereas a simple support is disposed on the top. No
lateral restraints are applied. As a consequence, the 2D brick plate model reduces to a 1D simply supported
cantilever beam, where the only relevant internal actions are the vertical axial force N22, the shear force T23
and the bending moment M22. Blocks dimensions are assumed 20 cm · 10 cm (length · height) according to
experimental data by Oliveira (2003) whereas masonry speciﬁc weight is assumed 2000 daN/m3. The corre-
sponding yield condition (N22,T23,M22) can be formulated both analytically as a function of the wall thickness
and mortar joint characteristics and resorting to numerical methods. On the other hand, the limit load for the
structure can be evaluated making use both of manual calculations, being the horizontal reaction at the top of
the wall the only redundant unknown or making use of a simple 1D FE kinematic limit analysis code. Here,
the second approach is adopted. The panel is subdivided into a ﬁxed number NE of elements with
NN = NE + 1 nodes, velocity ﬁeld is assumed linear inside each element and possible jumps of velocities
can occur between adjacent elements, see Fig. 16, as well as relative rotation rates. In this way, internal plastic
dissipation pI occurs only at an interface I between adjacent elements or on a boundary side, due to combined
M22–T23 actions. Vertical in-plane compressive load due to self weight is assumed to vary linearly from the top
(zero) to the base (total weight of the wall).
Two panels of height H = 300 cm and diﬀerent thickness (respectively s = 30 cm and s = 60 cm) are exam-
ined. A classic Mohr–Coulomb failure criterion is adopted for mortar joints reduced to interfaces, assuming a
friction angle / = 27 and cohesion c = 0.1 N/mm2. 30 beam elements are used for the simulations, as shown
in Figs. 16b and c, in order to have a reliable prediction of the actual position of plastic hinges.
In Fig. 17, failure mechanisms obtained using both the Reissner–Mindlin model proposed (a and b) and a
Kirchhoﬀ–Love model (c and d) are reported when panel thickness s is assumed respectively equal to 30 and
60 cm. As it possible to note, the inﬂuence of shear is particularly evident in the failure mechanism when
s = 60 cm, with a percentage diﬀerence of the collapse load near 20%. On the contrary, when panel thickness
is reduced to s = 30 cm, there are no technically meaningful diﬀerences between the two models.
5.2. Rectangular plate with central opening
The second example consists of a rectangular plate with central opening restrained at three edges and
loaded with a distributed out-of-plane pressure.
Fig. 16. Load bearing masonry wall: (a) geometry, (b) discretization with thickness s = 30 cm, (c) discretization with thickness s = 60 cm.
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(Milani, 2006). It is worth noting that, at present, only few papers devoted to the study of this topic can be
found in the technical literature (Capsoni and Corradi, 1999).
The FE formulation is based on a triangular discretization of a 2D domain. For each element E, one out-of-
plane velocity unknown wEzi per node i is introduced, so that the velocity ﬁeld is linear inside an element. Jumps
of velocities can occur at the interface between adjacent triangles. Denoting with # the angle between the inter-
face and the x-axis, and with n and t the versors parallel and perpendicular to the interface direction, three
diﬀerent elementary interface plastic dissipations can occur, related respectively to shear Ttz, bending moment
Mnn and torsionMnt, as illustrated in Fig. 18. Following a general approach recently presented in the technical
literature for the limit analysis of plane strain problems (Krabbenhoft et al., 2005), internal power dissipated is
computed at each interface in terms of Ttz–Mnn–Mnt actions, once that both the in- and out-of-plane homog-
enized failure surfaces for masonry are provided.
The panel here analyzed originally was tested by Chong et al. (1994) and Southcombe et al. (1995). Its
dimensions are 5615 · 2475 mm2 and a central opening of dimensions 2260 · 1125 mm2 is also present, as
illustrated in Fig. 19. The wall was built in stretcher bond between two stiﬀ abutments with the vertical edges
simply supported (allowance for in-plane displacements was provided) and the top edge free. A completely
restrained support was provided at the base because of practical diﬃculties in providing a simple support.
Fig. 17. Kinematic FE limit analysis: (a) wall thickness s = 30 cm and thick plate hypothesis, (b) wall thickness s = 60 cm and thick plate
hypothesis, (c) wall thickness s = 30 cm and thin plate hypothesis, (d) wall thickness s = 60 cm and thin plate hypothesis.
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pressure and the displacement d for the middle point of the free edge were monitored during testing. Wall
thickness was t1 = 102 mm. A full comparison between experimental data and a Kirchhoﬀ–Love homogenized
limit analysis approach is given in Milani et al. (2006b). In this section, in order to test the inﬂuence of shear
on the ultimate out-of-plane pressure, a FE simulation is conducted with an augmented thickness
t2 = 510 mm = 5t1, typical for ground ﬂoor masonry walls of historical buildings in Italian seismic area.
Mechanical properties at failure adopted for the mortar joints are given in Table 3 and are taken according
to Chong et al. (1994) and Milani et al. (2006b).
Table 4 shows a comparison between the collapse loads obtained with the present Reissner–Mindlin FE
model and a previously developed homogenized Kirchhoﬀ–Love model (Milani et al., 2006b), assuming a wall
thickness t = t1 and t = t2. As it is possible to note the diﬀerence between the failure loads so obtained is
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Fig. 18. Reissner–Mindlin FE kinematic limit analysis element: (a) ﬁeld of velocities and discontinuity at each interface between adjacent
triangles, (b) possible plastic dissipation at the interface due to bending moment, torsion and shear.
1677 mm
900 mm
1125 mm
450 mm
2260 mm 1678 mm
Free edge
Simply supported edge
Clamped edge
Fig. 19. Rectangular panel with central opening. Panel dimensions and boundary conditions.
Table 3
Rectangular panel with central opening. Mechanical characteristics assumed for mortar joints. Here ft represents mortar tension cut-oﬀ;
c is the mortar cohesion, U is the mortar friction angle, fc is the compressive strength, U2 is the shape of the linearized compressive cap
ft ¼ 0:32 Nmm2 (tension cut-oﬀ)
c = 1ft (cohesion)
U = 36 (friction angle)
fc ¼ 5 Nmm2 (compressive strength)
U2 = 90 (shape of the linearized compressive cap)
Table 4
Comparison between failure loads obtained using a Reissner–Mindlin FE limit analysis model and a Kirchhoﬀ–Love FE limit analysis
model, rectangular panel with central opening
Kirchhoﬀ–Love model Reissner–Mindlin model
Ultimate pressure (kN/m2) t = t1 = 102.5 mm
a
2.66b 2.65b
2.11 2.05
Ultimate pressure (kN/m2) t = t2 = 5t1
48.12 37.20
a Experimental collapse load value (Chong et al., 1994): 2.30.
b Munro and Da Fonseca (1978) yield-line method element.
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Fig. 20. Rectangular panel with central opening, thickness t = t2. Deformed shape at collapse: (a) Reissner–Mindlin plate model, (b)
Kirchhoﬀ–Love plate model.
Fig. 21. Rectangular panel with central opening, thickness t = t2. Plastic dissipation due to shear at the interface between adjacent
triangles.
1458 A. Cecchi et al. / International Journal of Solids and Structures 44 (2007) 1438–1460negligible when t = t1, whereas is around 25% for t = t2. A comparison between failure mechanisms provided
by the two models when t = t2, Fig. 20, conﬁrms that shear eﬀect is, in this case, important. In particular,
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shear plastic dissipation on the interfaces between adjacent triangles is reported.6. Conclusions
A limit analysis model based on a compatible identiﬁcation procedure has been presented for the study of
out-of-plane loaded masonry walls under Reissner–Mindlin plate hypotheses. In the model, mortar joints are
reduced to interfaces with frictional behavior with limited tensile and compressive strength, whereas bricks are
supposed inﬁnitely resistant.
Masonry failure polytopes can be easily provided with the model proposed in terms of membrane and plate
actions, assuming diﬀerent failure surfaces for joints. Several sections M11–M22, M11–M12 of such polytopes
are reported at diﬀerent T13, T23 and N22 values. Finally, the model is applied to two meaningful structural
examples. The ﬁrst concerns a masonry wall under cylindrical ﬂexion, whereas the second consists of a rect-
angular plate with central opening out-of-plane loaded. For both cases, the inﬂuence of the shear strength on
the collapse load is estimated varying panel slenderness. Finally, it is worth noting that the Reissner–Mindlin
kinematic limit analysis model presented, diﬀerently from a classic Kirchhoﬀ–Love approach, is able to repro-
duce, at a structural level, both rocking and sliding failures, two collapse mechanisms typical of masonry pan-
els out-of-plane loaded.Acknowledgments
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